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This paper reviews recent work on a new group of linear and self-referenced techniques for full (amplitude
and phase) characterization of fast optical signals based upon the concept of photonic differentiation,
generally referred to as ‘phase reconstruction using optical ultrafast differentiation’ (PROUD). These
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single shot and in real time with power sensitivities down to the microwatt level. Previously reported PROUD
methods are treated here under a unified, single framework, facilitating their analysis and comparison.
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1. Introduction

Many applications in a wide range of scientific and technical fields,
including physics, chemistry, microwave and optical engineering, are
based on the use of fast optical signals (e.g. ultra-short light pulses)
[1]. Accurate measurement and full characterization of such optical
signals is thus an essential task [2–7]. This topic has attracted a
considerable attention from the relevant technical communities for
many years and this is still today a very active area of research. Some
excellent review papers on this area have recently appeared in the
specialized literature [4–7]. The reader is addressed to these previous
papers for a detailed account on historical developments and a
comprehensive overview of available methods and technologies for
light pulse characterization.

A large variety of optical pulse characterizationmethods have been
developed over the years. Each differentmethod and technology offers
a different set of performance specifications and is thus particularly
suitable for a specific range of applications. The focus of this work is on
techniques adapted to the problem of full characterization of low-
intensity, fast optical signals, such as those to be found in fiber-optics
telecommunication systems [5,7]. In an optical communication link
[8], the information is encoded on the electric field of an optical source
in various ways, e.g. by amplitude modulation, and/or phase modu-
lation. In all cases, the encoded optical information must propagate
through a transmission medium (optical fiber) and a variety of pho-
tonics and opto-electronic components, such as filters, multiplexers,
amplifiers, temporal modulators etc. Each affects the electric field of
the transmitted signal by multiple physical effects, including disper-
sion, nonlinearities, amplified spontaneous emission, filtering etc. For
a full characterization of these impairments, complete information on
the evolution of the time-domain and/or spectral-domain amplitude
and phase profiles of the signals under test is necessary. The ability to
measure optical phase information is increasingly important due to
the ongoing adoption of different phase-shift-key modulation formats
in fiber-optics telecommunication systems [9].

Conventional square-law photo-detectors can be used to partly
characterize optical signals with a spectral bandwidth b50 GHz. For
instance, this is useful for per-channel data stream measurement in
telecommunication systems based on dense wavelength-division-
multiplexing (DWDM) formats. However, photo-detection provides
information only on the temporal intensity profile of the signals under
test. Interferometer-based schemes combined with balanced photo-
detection, so-called ‘coherent receivers’ [10], can extend these
capabilities to provide phase information of the optical signals (e.g.
for digital data decoding) but these strategies are typically suitable for
application only on a specificmodulation format and at a prescribed bit
rate.Whereas techniques have been demonstrated to extend the use of
temporal coherent receivers for full recovery of arbitrary phase varia-
tions [11], they require the use of a precisely synchronized optical
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reference. Moreover, conventional photo-detection cannot provide
the temporal resolution (bandwidth) that is required to capture even
the temporal intensity profile of the signals to be found in
communication links operating at serial data rates beyond ~50 Gb/s,
e.g. links based on optical-time-division-multiplexing (OTDM). Pulse
durations in the picosecond range or shorter are employed in these
systems.

There are several well-established (‘classical’) methods for full
characterization of optical pulse waveforms with time features down
to the femtosecond range, including FROG (Frequency-Resolved
Optical Gating) [3,12], SPIDER (Spectral Phase Interferometry for
Direct Electric-Field Reconstruction) [13], and any of their multiple
variants [6]. These techniques have been traditionally implemented
by use of optical non-linearities in a variety of material and/or
waveguide technologies. Over the years, these methods have been
adapted to operate on a broader range of pulse time durations,
frequency bandwidths and energies. However, most of the presently
available non-linear pulse characterization techniques cannot easily
satisfy the requirements for application in optical telecommunica-
tions [7,8]. Ideally, an optical signal characterization method suitable
for fiber-optics communications should be able to process a wide
range of pulse durations, from the sub-picosecond to the nanosecond
regimes. The method should also be sensitive enough to characterize
optical signals with sub-milliwatt average powers. Moreover, in an
optical network, sources are data encoded and the randomness of the
data (non-periodic signals) may preclude averaging, thus requiring
single-shot sampling capabilities. Measurement techniques providing
fast update rates are also highly desired so that to be able to monitor
the optical signals in real time. Finally, self-referenced techniques are
preferred given that a precisely synchronized/correlated optical
reference, e.g. a local oscillator, may not be always available; the
need for a reference, in the measurement setup (e.g. as in reference-
based interferometry [11,14–16]) also introduces a higher level of
complexity in the measurement platform. Obviously, the develop-
ment of optical pulse measurement methods capable of providing this
set of stringent performance specifications is of interest for applica-
tions beyond the field of optical telecommunications, e.g. for pulse-
based sensing and imaging systems [1] and for signal monitoring in
linear optical computing and information-processing circuits [17].

In view of all these needs, a significant research effort has been
devoted towards the development of self-referenced pulse character-
ization techniques based on linear optics [5,18–38]. Recent demon-
strations include both linear implementations of concepts previously
proved with non-linear processes (e.g. spectrography [18,19] and
spectral self-interferometry [20,21]) and fundamentally new linear-
optics pulse measurement schemes [22–38]. As compared with more
conventional non-linear optics techniques, linear-optics methods
offer an increased sensitivity and they can be implemented in very
simple and practical (e.g. fiber-based) platforms. In this paper, we
review a recent body of work on a new group of linear and self-
referenced techniques for full characterization and monitoring of fast
optical signals based upon the concept of photonic differentiation,
generally referred to as ‘phase reconstruction using optical ultrafast
differentiation’ (PROUD) [33–38]. Thesemethods are particularly well
adapted to the problem of signal characterization in the context of
optical telecommunications. PROUD techniques can be used for full
characterization of optical signals, including continuous-time data
streams, over a very wide range of pulse time durations, from ~100 fs
to well in the nanosecond regime [33–35]; they can provide
measurements in a single-shot and in a real-time with power
sensitivities down to the microwatt level [36–38]. Real-time opera-
tion is in part enabled by the fact that the PROUD methods rely on a
simple, non-iterative phase recovery numerical algorithm (simple
analytic equation). The PROUD methods can be implemented using
off-the-shelf fiber-optics and RF components and the resulting setups
are thus very simple and fully compatible with fiber systems.
In its most basic implementation, time-domain PROUD [33,35], the
temporal phase profile of an optical signal can be recovered from two
time-domain intensity measurements, namely the intensity profile of
the signal under test and that of the resulting signal following
photonic temporal differentiation. A photonic temporal differentiator
is a linear optical filter capable of ‘calculating’ the time derivative of
the temporal complex envelope of an incoming optical signal [17,39].
This functionality, essentially a photonic frequency discriminator, can
be practically implemented by means of a variety of fiber-optics
technologies, including a uniform long-period fiber grating (LPFG)
[40], an apodized, chirped fiber Bragg grating [41], or a fiber-optics
Mach–Zehnder interferometer [42]. Photonic temporal differentiators
can be also implemented using integrated-waveguide filters [39,43]
and bulk-optics interferometers [44]. Using time-domain PROUD, the
capabilities of any available temporal intensity measurement setup,
e.g. a conventional photo-detector attached to a sampling or real-time
scope, can be easily upgraded to characterize the signal temporal
phase profile. Low-power optical pulse waveforms with durations
ranging from a few picoseconds to a few nanoseconds, and with
bandwidths from the sub-GHz range to the terahertz range, can be
accurately characterized using time-domain PROUD (with conven-
tional photo-detection) combined with dispersion-induced time
stretching [35]. By incorporating a balanced/differential photonic
differentiation and photo-detection scheme, single-shot and real-time
characterization of the instantaneous frequency and phase profiles of
low-power (microwatt) continuous-time optical data streams with
frequency bandwidths N10 GHz has been successfully demonstrated
[36]. Whereas several self-referenced techniques have been specifi-
cally developed for instantaneous frequency characterization of
telecommunication GHz-bandwidth optical signals, including meth-
ods based upon the use of photonic frequency-discriminator filters
[27–31], they rarely offer single-shot and real-time capabilities, as
desired for practical monitoring applications. Moreover, time-domain
balanced PROUD can be easily extended for simultaneous full
characterization of many multi-wavelength (e.g. WDM) signals [37].

A frequency-counterpart of the time-domain PROUD concept can
be realized by processing the signal under test with a photonic
frequency differentiator [34]. This is a linear device capable of
calculating the frequency derivative of the signal's field spectrum
and it can be easily implemented by use of a conventional electro-optic
(EO) intensity modulator driven by an electrical sinusoid. Using this
approach, the signal spectral phase profile, leading to a full
characterization of the optical signal, can be recovered frommeasure-
ments of the energy spectra of the signal and of its frequency
derivative. In contrast to a variety of linear pulse characterization
methods based onEOphasemodulation [20,21,32], the use of intensity
modulation facilitates implementation of the measurements since
monitoring of the temporal modulation process is greatly simplified.
Thismethod is suitable formeasuring the complex-field profile of low-
power optical pulses with durations from ~100 fs to ~15 ps [34], thus
being perfectly complementary to time-domain PROUD. Single-shot
and real-time full characterization of low-power (microwatt) pico-
second and sub-picosecond waveforms have been recently demon-
strated [38] using an advanced spectral-domain PROUD setup based
on the balanced differentiation concept combined with dispersion-
induced time stretching. Very few linear, self-referenced picosecond
pulse characterization methods can provide single-shot and real-time
capabilities [5].

In this paper, all the PROUD schemes developed up to date are
presented in a fully consistent fashion, under a single, unified
framework. This facilitates the comparison between the different
methods, including a clear definition of the capabilities and limitations
of each scheme in relationship with the rest of the PROUD techniques.
The remainder of this paper is organized as follows. Section 2 is
devoted to the basic time-domain PROUD technique, including its
operation principle (2.1), a brief discussion of its main performance
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trade-offs (2.2), and an experimental application example (2.3). The
same organization is used in Section 3 to discuss the basic spectral-
domain PROUD concept. Section 4 focuses on the balanced PROUD
concept for single-shot and real-time optical signal characterization
applied to both the time-domain and spectral-domain techniques. The
general concept is introduced in Section 4.1 and application examples
are subsequently discussed for the time-domain technique (4.2, with
an example of multi-wavelength signal characterization) and the
spectral-domain (4.3) technique. Finally, somegeneral conclusions are
drawn in Section 5.

2. Time-domain phase reconstruction using optical ultrafast
differentiation (PROUD)

2.1. Operation principle of time-domain PROUD

Fig. 1 illustrates the principle of operation of time-domain PROUD.
The signal under test is supposed to be spectrally centered at the
optical radial frequency ω0, having a time-domain complex envelope
defined by x(t)=|x(t)|exp(jϕ(t)), where |x(t)|2 and ϕ(t) are the
signal's time-domain intensity and phase profiles, respectively. The
field frequency spectrum of the signal envelope can be calculated as
the Fourier transform (FT) of x(t); in particular X(ω)=FT{x(t)}=|X
(ω)|exp(jΦ(ω)), where |X(ω)|2 and Φ(ω) are the spectral energy
density and spectral phase profile of the signal, respectively. In this
notation, ω is the base-band radial frequency, i.e. ω=ωopt−ω0 with
ωopt being the optical radial frequency variable. Time-domain PROUD
[33] is based on extracting the signal temporal phase profile from two
temporal intensity waveform measurements, namely the time-
domain intensity profiles of the signal under test and of the signal
after propagation through a frequency-shifted temporal photonic
differentiator. Such a device is a linear time-invariant optical filter
characterized by a spectral transfer function having a linear-
amplitude variation, D(ω)=A(ω+Δω), where A is the (positive or
negative) slope of the linear spectral amplitude variation and Δω is
the (positive) frequency shift between the signal's central frequency
and the resonance frequency of the differentiator. Notice that by
‘resonance frequency’ of the differentiator we refer to the frequency
at which its spectral transfer function reaches zero. It is also
Fig. 1. Schematic of the concept for time-domain phase reconst
important to note that the filtering transfer function defined above,
with Δω being a positive number, corresponds to the case when the
signal's carrier frequency is higher than the filter's resonance
frequency. A linear spectral-amplitude filter is usually referred to
as a ‘frequency discriminator’. The name used here to denote this
optical filter is associated with the fact that the device provides the
time derivative of the input signal's complex envelope when this
signal is centered at the device's resonance frequency, i.e. when
Δω=0 [39–44], see Eq. (1) below. This time-derivative relationship
is fundamental to our derivation of the instantaneous-frequency
recovery equation below.

Given that only a linear process is involved, the signal at the
differentiator output is spectrally centered at the same carrier
frequency, ω0. We define the time-domain complex envelope of this
output signal as y(t) and its corresponding field spectrum as Y(ω). As
for any linear time-invariant process, the field spectrum of the signal
at the differentiator output is given by the product of the input field
spectrum and the spectral transfer function of the differentiator, i.e.
Y(ω)=X(ω) ⋅D(ω)=AωX(ω)+AΔωX(ω). From basic Fourier theory
[45], it can be inferred that the corresponding time-domain
waveform, y(t), consists of two terms: the first term is proportional
to the time derivative of the input complex envelope whereas the
second term is directly proportional to this input envelope,

y tð Þ = −jA
∂x tð Þ
∂t + AΔωx tð Þ

= A exp jϕ tð Þð Þ Δω x tð Þj j + x tð Þj jωinst tð Þ½ �−j
∂ x tð Þj j
∂t

� � ð1Þ

where ωinst tð Þ = ∂ϕ tð Þ
∂t is the instantaneous frequency function of the

signal under test. Notice that From Eq. (1), the temporal intensity
profile of the signal at the differentiator output is:

y tð Þj j2 = A2 ∂ x tð Þj j
∂t

� �2
+ x tð Þj j2 ωinst tð Þ + Δω½ �2

( )
: ð2Þ

If the frequency shift Δω is sufficiently large so that it satisfies
ΔωN |ωinst(t)| along the entire time duration of the signal under test, then
ruction based on optical ultrafast differentiation (PROUD).
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the term [ωinst(t)+Δω] in Eq. (2) is always positive and the
instantaneous-frequencyprofile of the input signal canbeunambiguously
recovered from the measured temporal intensity profiles of the input
signal, |x(t)|2, and of the signal at the differentiator output, |y(t)|2, using
the following direct equation [33]:

ωinst tð Þ = ∂ϕ tð Þ
∂t = +s tð Þ−Δω ð3:aÞ

s tð Þ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
x tð Þj j2

� �
·

y tð Þj j
A

� �2
− ∂ x tð Þj j

∂t

� �2 !vuut : ð3:bÞ

The pulse temporal phase profile can be obtained by cumulative
numerical integration of the recovered instantaneous frequency, except
for an undetermined phase constant ϕ0, i.e. ϕ(t)=∫−∞

t
dτωinst(τ)+ϕ0.

The above given condition ΔωN |ωinst(t)| simply implies that the
frequency shifting Δω has to be large enough to ensure that the full
spectral content of the input signal is located at the high frequency side
of the differentiator's resonance. Said other way, the lowest optical
frequency of the input signal spectral support must be higher than the
differentiator's resonance frequency. The samemethod can be applied
when the full spectral bandwidth of the input signal is located at the
low frequency side of the differentiator's resonance (i.e. when the
highest optical frequency of the input signal is lower than the
differentiator's resonance frequency). In this case, the spectral transfer
function of the differentiator can be expressed as D(ω)=A(ω−Δω),
with Δω being a positive number satisfying the above condition, and
the resulting instantaneous-frequency recovery equation is:

ωinst tð Þ = −s tð Þ + Δω ð4Þ

where the function s(t) is defined by Eq. (3.b).

2.2. Performance trade-offs of time-domain PROUD

As detailed in the introduction, a photonic differentiator can be
practically implemented using a variety of technologies [39–44].
Photonic differentiators with wavelength bandwidths larger than
20 nm (~2.5 THz for signals spectrally centered around 1.5 μm) have
been experimentally demonstrated and these devices can still be
optimized to achieve even larger operation bandwidths [17]. Thus, in
practice, the measurement bandwidth offered by time-domain PROUD
does not appear to be fundamentally limited by the photonic
differentiator technologies. In contrast, the ultimate constraints of a
PROUD setup, in terms of spectral bandwidth and time duration of the
signals that can be accurately characterized, are mainly imposed by the
available instrumentation formeasuring time-domain intensityprofiles.

Time-domain PROUD is ideally suited for the characterization of
low-power optical waveforms with full-width frequency bandwidths
narrower than ~50 GHz. This corresponds to time features at least
longer than ~10–20 ps. The time-domain intensity profiles of these
waveforms and their linearly filtered counterparts can be accurately
captured using a conventional high-speed photo-detector connected
to a fast electronic sampling oscilloscope. Standard linear or non-
linear optical pulse characterization methods are usually suitable for
shorter optical waveforms, from the femtosecond to the picosecond
range, and they cannot be easily extended for measurements over
temporal durations exceeding a few tens of picoseconds [6]. Thus,
time-domain PROUD represents a very simple and practical alterna-
tive for the complex-field characterization of narrow-band and/or
long duration optical signals. Optical waveforms with bandwidths
down to the sub-GHz range have been successfully characterized
using this technique [33,36]. Moreover, even when the optical
frequency bandwidth of the signal under test exceeds the photo-
detection bandwidth, it is still possible to use the PROUD setup for
accurate signal characterization as long as the radio-frequency (RF)
spectra of the optical signal under test and its time derivative (i.e.
spectra of their respective time-domain intensity profiles) are within
the photo-detection bandwidth [33]. This is for instance the case
when the signal under test exhibits a sufficiently large, predominantly
quadratic phase variation (linear chirp) along its time-domain profile
[33,35], see example in Section 2.3. This property can be exploited to
extend the PROUD capabilities for optical pulse characterization down
to the picosecond regime using a well-characterized first-order
dispersive medium acting as a linear temporal stretcher over the
original ultra-short pulse [35]. We have experimentally demonstrated
accurate full characterization of picosecond pulses ranging from ~4 to
~20 ps with both continuous and discrete temporal phase profiles
using this simple strategy [35].

A very important parameter to evaluate the performance of a
phase reconstruction method is the phase sensitivity or minimum
phase variation that can be accurately measured with the method.
This parameter is in fact tightly related with the power sensitivity of
the technique, which can be defined as the minimum pulse (average
or peak) power that is necessary for phase reconstruction with a
prescribed accuracy. The reader is addressed to Ref. [35] for a detailed
study of the influence of the main design specifications in a PROUD
system on the phase and power sensitivities provided by the
measurement setup. Phase sensitivities enabling the accurate char-
acterization of the group-velocity dispersion equivalent to standard
single-mode fiber (SMF) sections as short as ~20 m have been
demonstrated for Gaussian-like pulses extending over a full-width-at-
half-maximum (FWHM) bandwidth of ~2 nm, temporally stretched
by linear propagation through a 1 km-long SMF and with average
powers well in the sub-milliwatt range.

Briefly, in time-domain PROUD, the phase sensitivity is improved
as the signal-to-noise ratio (SNR) of the measured temporal intensity
waveforms is increased. This implies that the phase sensitivity can be
improved by increasing the average and/or peak powers of the signal
under test and of the signal at the output of the photonic
differentiator. The pulse energy at the photonic differentiator output
increases with the slope magnitude (|A|) of the linear amplitude
spectral response of the photonic differentiator: As a result, the
sensitivity of the setup can be increased by use of a photonic
differentiator with steeper linear spectral amplitude. The noise of the
time-resolved intensity detection instrument directly affects the SNR
in the measured patterns and consequently, it has a very important
influence on the system sensitivity. Typically, the measurement SNR
deteriorates as the spectral bandwidth of the intensity detection
platform is increased. Thus, as a general design rule, a time-resolved
intensity detection systemwith the lowest possible bandwidth should
be used; the bandwidth should still be sufficient to accurately capture
the time-domain intensity waveforms to be measured. An important
consideration to keep inmind in a basic PROUDplatform is that a large
SNR in the measured time-domain intensity waveforms is usually
necessary. This is in part due to the fact that the numerical instantaneous-
frequency reconstruction procedure requires calculation of the derivative
of the measured signal's time-domain amplitude profile (see Eq. (3.b)),
making the procedure very sensitive to the presence of high-frequency
noise in this measured waveform. As a result, a large averaging of the
measured intensity waveform profiles is typically required [33,35]. In
most cases, this requirement prevents application of the basic PROUD
platform for single-shot optical signal characterization. Moreover, a
numerical filtering procedure aimed to reduce the presence of high-
frequency noise terms is also usually applied on themeasuredwaveforms
to increase the accuracy of the phase reconstruction process. Section 4
describes an advanced strategy, referred to as ‘balanced’ PROUD [36],
enabling single-shot and real-time measurement capabilities.

Finally, we also note that precise temporal synchronization between
the two measured time-domain waveforms is necessary to ensure
phase reconstruction accuracy. The required level of synchronization
depends inversely on the optical bandwidth of the signals under test: A
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broader signal bandwidth implies a stricter tolerance on the time
synchronization between the two measured waveforms. To give a
reference, a time-delay accuracy of ~1 ps would translate into a
maximum group-delay error of ~0.25% over a 2-nm signal spectral
bandwidth (FWHM) [35] (defined as the maximum deviation between
the measured and expected group-delay values within the measure-
ment frequency bandwidth relative to the total group-delay range
variation along this bandwidth). A simple and practical strategy for
timing calibration of an experimental PROUD platform is described
below in Section 2.3.
2.3. Experimental example of time-domain PROUD

Fig. 2 is a schematic of the experimental setup used in the
demonstration revisited here [33]. The source of the seeding optical
pulses was a passively mode-locked wavelength-tunable fiber laser
(Pritel Inc.) operating at a repetition rate of 20 MHz. This source
generated nearly transform-limited Gaussian-like optical pulses with
a ~3 nmFWHMbandwidth (centered at ~1549 nm). The seedingpulse
was filtered by an in-house tunable narrow band-pass filter (filtered
down to a FWHMbandwidth of ~1.5 nm, centered at around 1553 nm,
in the example reported here) and different phase profiles were
imposed by linear and nonlinear propagation through optical fibers
under different conditions. The pulses under test were amplified using
an erbium-doped fiber amplifier. Typical average power of the pulses
at the input of the PROUD system was measured to be ~615 μW. The
optical differentiator was implemented using a single 55-mm long
uniform LPFG operating in full-coupling condition (resonance dip of
40 dB, centered at 1551 nm) [40]. The amplitude coefficient of the
used differentiator (typical value: A=0.304 THz−1) was directly
determined by comparing the measured spectra of the input and
differentiated pulses in our experiments, see Inset in Fig. 3(b). Notice
that this estimate of the differentiator's amplitude coefficient A, to be
used in the phase-recovery process, already includes any additional
constant attenuation in the differentiator optical path relative to the
signal optical path. The wavelength shifting between the input pulse
and the optical differentiator was fixed to be around 2 nm
(Δω≈2π×250 GHz), which ensured that the above-stated condition
was always satisfied,ΔωNmax{|ωinst(t)|}~2π×125 GHz. The intensity
profiles of both the input pulse under test |x(t)|2 and the pulse after
differentiation |y(t)|2 were measured using a high-speed photodetec-
tor with a 3-dB bandwidth of 8 GHz attached to a 70-GHz sampling
oscilloscope. In practice, it is important to ensure that the two
measured intensity profiles arewell synchronized. In our experiments,
the time delay between the twomeasurement armswas first precisely
calibrated by recording the spectral interference patternwith an 8-nm
(full width) reference optical pulse. In particular, a free-space delay
line was tuned to set a 1.08 ps delay (as determined by the spectral
period of the recorded interferogram), which was subsequently
compensated for in the numerical phase recovery process. While this
precision level was sufficient for the cases evaluated in our testing
Input pulse source

FFL Nonlinear 
pulse compressorBPF

Linear
pulse stretcher

Nonlinear 
pulse compressor

EDFA

Highly non-
linear fiber 

Fig. 2. Experimental setup used for our proof-of-concept demonstrations. FFL, femtosecon
EDFA, amplifier; PC, polarization controller.
experiments, the time synchronization should be set with a higher
precision for phase reconstruction of optical pulses with shorter time
features. For this purpose, a spectrally broader reference pulse should
be used in the described interferometry strategy.

In the experiment reviewed here, PROUDwas tested for retrieving
a temporal phase profile comprising a continuous quadratic phase
profile and a nearly discrete π phase shift. This discrete phase shift
was induced from self-phase modulation (SPM) by propagation
through a long section of dispersion-decreasing highly-nonlinear
optical fiber. The broadened spectrum was band-pass filtered over a
1.5-nm FWHM bandwidth that comprised the SPM-induced π phase
shift. The filtered pulse was then temporally stretched by linear
reflection in a 10-m long linearly chirped fiber Bragg grating with a
group-velocity dispersion of +1981 ps/nm. Fig. 3 (solid curves)
shows the measured intensity profile and the recovered phase profile
of the temporal waveform under test together with the numerically
simulated curves (dashed curves). The measured quadratic phase
profile agreed very well with the numerical estimations and the
expected (equivalent) π phase shift at the pulse center was also
accurately recovered.
3. Spectral-domain PROUD for (sub-)picosecond optical
pulse measurements

3.1. Operation principle of spectral-domain PROUD

As illustrated in Fig. 4, spectral-domain PROUD [34] can be
interpreted as the frequency-domain counterpart of time-domain
PROUD (Section 2). The method is thus based on differentiation of the
field spectrum, instead of temporal differentiation, and allows the
precise numerical reconstruction of the spectral phase profile,Φ(ω), of
the signal under test, X(ω), from a set of twomeasured energy spectra
(including the signal spectrum) using a direct and unambiguous
algorithm. Full information on the complex field profile of the signal
under test is obtained once both the spectral phase profile and signal
energy spectrum are known. By relying on spectrally-resolved
intensitymeasurements, one can overcome the bandwidth limitations
imposed by the need for time-resolved intensity measurements in
time-domain PROUD. Spectral-domain PROUD is thus ideally suited
for full characterization of optical pulse waveforms with time features
in the picosecond and sub-picosecond range. Spectral-domain
differentiation can be easily implemented by time modulation of the
optical signal with a linear amplitude waveform, see Fig. 4. This
modulation process could be practically implemented using a variety
ofwell-knownalternatives for optical intensitymodulation. In order to
implement a fully linear measurement process, EO intensity modula-
tion of the signal under analysis has been proposed [34]. This results in
a simple and practical fiber-optics implementation.

Let us consider that the input optical signal under test, with
complex envelope x(t), is temporally modulated by a (positive) linear
amplitude waveform, d(t)=at+C, where a (modulation slope) and
Measurement setup
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C (DC background) are positive real-valued parameters. The temporal
complex envelope of the output signal from thismodulation process is
y(t)=x(t)⋅d(t)=at x(t)+Cx(t). Following a similar Fourier analysis
to that of time-domain PROUD, it can be easily shown that the spectral
energy density of the signal at the modulator output is given by the
following expression:

Y ωð Þj j2 = a2
∂ X ωð Þj j
∂ω

� �2
+ X ωð Þj j2 τg ωð Þ + C

a

� �2( )
ð5Þ

where τg ωð Þ = −∂Φ ωð Þ
∂ω is the group-delay of the signal under test.

Thus, assuming that the inequality (C/a)N |τg(ω)| holds over the entire
spectral support of the signal under analysis, the signal's group-delay
Fig. 4. Schematic of the concept for spectral-domain phase reconstruction based on optical ul
interchanged with respect to the illustration for time-domain PROUD in Fig. 1.
can be unambiguously calculated from measurements of the two
energy spectra |X(ω)|2 and |Y(ω)|2 using the following analytic
equation:

τg ωð Þ = −∂Φ ωð Þ
∂ω = +S ωð Þ− C

a

� �
ð6:aÞ

S ωð Þ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
X ωð Þj j2

� �
·

Y ωð Þj j
a

� �2
− ∂ X ωð Þj j

∂ω

� �2 !vuut ð6:bÞ

The input pulse spectral phaseΦ(ω) can be obtained from the result of
Eq. (6) (except for a constant phase) by performing a cumulative inte-
gration of the recovered group delay. The time-domain complex
trafast differentiation (PROUD). Notice that the time (t) and frequency (ω) variables are



Fig. 5. Experimental setup of the proposed spectral-domain PROUD implementation.
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envelope of the pulse, x(t), is directly given by the inverse Fourier
transform of the obtained complex spectral field X(ω)=|X(ω)|exp
[jΦ(ω)]. The (positive) time amplitude modulation can also exhibit a
negative slope, i.e. d(t)=−at+C, with a and C being both positive
numbers. For an unambiguous phase reconstruction process, the same
inequality as above should be satisfied. In this case, the following group-
delay recovery equation should be used:

τg ωð Þ = −S ωð Þ + C
a

� �
ð7Þ

with the function S(ω) defined in Eq. (6.b).
As mentioned above, a very convenient and practical way to

implement the linear amplitude modulation on the optical pulse
under analysis is to use EO intensity modulation with a sinusoidal RF
signal. In the simplest case, one can use a Mach–Zehnder interferom-
eter (MZI)-based EO intensitymodulator operated at the transmission
halfway between its maximum (T=T0) and its minimum throughput
(T=0). The transmission intensity function of this modulator is
mathematically described by T(V)=(T0/2) ⋅ (1+sin[πV(t)/Vπ]),
where V(t) is the RF modulation signal and Vπ is the half-wave
voltage of the modulator. The EO modulator is driven by an electrical
sinusoid V(t)=V0 sin(Ωt), where V0 is the modulation amplitude and
Ω is the modulation angular frequency. To ensure that the optical
pulse under test is carved by a linear amplitude modulation, the pulse
must be synchronized with the modulation sinusoid at anyone of its
cross-points with zero (e.g. around t=0) and the pulse durationmust
be much shorter than the modulation period, i.e. Δt≪2π/Ω. In this
case, the complex envelope of the optical pulse at the modulator
output is

y tð Þ =
ffiffiffiffiffiffiffiffiffiffi
T Vð Þ

p
·x tð Þ≈

ffiffiffiffiffiffiffiffiffiffiffiffi
T0 = 2

p
· 1 + BΩt½ �·x tð Þ = at + C ð8Þ

where B=πV0/(2Vπ), a = BΩ
ffiffiffiffiffiffiffiffiffiffiffiffi
T0 = 2

p
, and C =

ffiffiffiffiffiffiffiffiffiffiffiffi
T0 = 2

p
. In deriving

Eq. (8), we assume that the following additional inequality holds:
Δt≪2/(BΩ). Notice that this latter inequality also ensures that theabove
stated condition for unambiguous phase recovery, i.e. (C/a)N |τg(ω)|, is
necessarily satisfied (|τg(ω)|bΔt/2). Hence, for phase recovery using the
described EO implementation, one needs to measure the energy spectra
at the input and output of the modulator, |X(ω)|2, and |Y(ω)|2,
respectively, and determine the parameters a and C for the employed
setup; these latter parameters depend on the maximum modulator
throughput, T0, and the product B⋅Ω, all of which can be easily
determined through simple measurements (see experimental example
in Section 3.3). It is also important to note that the EO intensity
modulator is assumed to introduce a negligible phasemodulation on the
incoming optical pulse. In practice, an MZI-based dual-drive (x-cut) EO
modulator represents an ideal choice for our application since this
modulator is specifically optimized to introduce a very low chirp.

3.2. Performance trade-offs of spectral-domain PROUD

Spectral-domain PROUD based on linear EO modulation is
particularly well adapted to the characterization of picosecond and
sub-picosecond pulses [34]. On the one hand, the time duration of the
signal under test must be kept much smaller than the time period of
the electrical modulation sinusoid. Similarly to time-domain PROUD, a
high timemodulation slope, a = BΩ

ffiffiffiffiffiffiffiffiffiffiffiffi
T0 = 2

p
, is desired to improve the

phase and intensity sensitivities of the measurement platform. This
requires the use of high modulation frequencies, namely in the GHz
range, which constraints themaximum timewidth of the optical pulse
waveforms that can be accurately characterized with an EO spectral-
domain PROUD system to a few tens of picoseconds. On the other
hand, the characterization of a shorter pulse requires the use of a
linear timemodulation function with a higher slope. We estimate that
pulses as short as 100 fs could be accurately characterized using a
modulation frequency of 40 GHz, considering realistic parameters in
the EO modulation process.

Generally speaking, the sensitivity of spectral-domain PROUD is
exposed to equivalent design constraints to those of its time-domain
counterpart (see Section 2.2). Given that an EO-based PROUD system
is entirely linear, picosecond optical pulses with average intensities as
low as a few microwatts can be accurately characterized using this
approach [34]. It is particularly important to mention that the two
required spectral energy spectra must be measured with a very high
SNR to ensure an accurate group-delay (and phase) reconstruction
using Eq. (6) or Eq. (7). The necessary integration time to capture
these energy spectra with the required SNR, combined with the fact
that two different spectra need to be measured, makes it very
challenging to achieve the target pulse characterization process in a
single shot and/or in real time. An advanced scheme, based upon the
concept of ‘balanced’ spectral-domain differentiation, has been
recently proposed and demonstrated to overcome these difficulties
[38], enabling single-shot and real-time full characterization of
picosecond and sub-picosecond pulse waveforms with tens of micro-
watts average optical powers. This scheme is reviewed in further
detail in Section 4 below.

3.3. Experimental example of spectral-domain PROUD

As proof-of-concept experiments (schematic shown in Fig. 5), we
tested picosecond pulses with well-characterized spectral phase
profiles, which were induced by linear dispersion through 50–700 m
long sections of single-mode fiber (SMF). In the set of experiments
revisited here [34], a transform-limited 1.6-ps (FWHM) pulse (FWHM
bandwidth ~1.53 nm), generated from a passively mode-locked fiber
laser (Pritel Inc.) operating at 16.7 MHz repetition rate and at an
optical wavelength of ~1551.5 nm, was used as the seeding input
pulse. A portion (~10%) of the input pulse power was tapped using a
fiber coupler and was used for generating a self-referenced RF
sinusoidal modulation signal [46]. This RF generation technique
utilizes frequency-to-time conversion [47–49] of a spectral pulse
interference to generate a precisely time-synchronized optical
modulation that is converted into the desired RF modulation signal
through an amplified differential receiver. Precise time synchroniza-
tion between the RF sinusoidal modulation signal and the input pulse
was achieved by either simultaneously or consecutively monitoring
the intensity modulation of CW laser light and the non-modulated
input pulse train using a sampling oscilloscope. An example of the
synchronized modulation at 2.4 GHz is shown in Fig. 6 (solid line),
where it is observed that the linear part of the modulation sinusoid is
located around the center of the input pulse (Fig. 6, dashed line). The
coefficient B⋅Ω was determined by fitting the modulation curve after
intensity normalization (T0=1) with a first-order polynomial (Fig. 6,
dotted line), i.e.

ffiffiffiffiffiffiffiffi
I tð Þp

→ 1 + BΩtð Þ. In our experiments, the value of the
linear coefficient B⋅Ωwas between 5 and 7 [ns−1]. The inverse of this
value is much larger than the time width of any of the tested pulses,
which ensures that (i) the time modulation process can be well
approximated by a linear-amplitude function, and (ii) the above stated
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condition for unambiguous phase recovery using Eq. (6) or Eq. (7) is
satisfied. The input and the differentiated pulse spectra were acquired
using an optical spectrum analyzer, OSA by sequentially turning on
and off the RF driving signal in the modulator. The reconstructed
spectral phases for the 100, 300, and 700 m propagation experiments
are shown in Fig. 7(a) (solid lines), where the input average power
before the modulator was 147 μW. Each of the recovered phase
profiles matches very closely with the expected quadratic spectral
phase curve over the entire input pulse spectrum. The recovered
spectral phase profile for the 700 m propagation experiment using a
lower input pulse power (17 μW) is also shown with hollow circles.
Fig. 7. (a) Measured energy spectrum (dotted line) and reconstructed phase profiles
(solid lines) of dispersed pulses from a passively mode-locked fiber laser for different
SMF lengths. Circles show the phase measured at a lower average power (17 μW).
(b) Dispersion-length products (solid circles) determined from the reconstructed phase
profiles in (a) and estimated curve of the SMF dispersion (solid line).
The accuracy of the reconstructed phase profiles was confirmed by
calculating the dispersion-length (DL) product using a second-order
polynomial fitting of the recovered phase curves. The corresponding
dispersion-length values and a curve plotted considering the typical
dispersion value of the SMF (18 [ps/(km∙nm)] at 1550 nm wave-
length) are shown in Fig. 7(b). For each of the tested waveforms, the
amplitude and phase temporal profiles can be recovered by Fourier
transformation of the reconstructed complex field spectrum.

It is worth noting that the phase reconstruction accuracy and
power sensitivity in the spectral-domain PROUD experiment de-
scribed here was limited by the timing jitter error (≤4.7 ps) of the
generated RF sinusoids [46]. Significantly improved phase accuracy
and power sensitivity were achieved in the characterization of optical
pulses generated from an active-mode locking source, i.e. with GHz
pulse repetition rates, by using the RF driving signal of the laser source
for modulation in the spectral-domain differentiation scheme [34].

4. Balanced PROUD: single-shot and real-time optical
phase reconstruction

4.1. Balanced PROUD: operation principle and performance trade-offs

4.1.1. Balanced time-domain PROUD
The numerical phase recovery algorithm in time-domain PROUD

involves the calculation of the time derivative of the time-resolved
input intensity, see Eq. (3). This numerical procedure is very sensitive
to the presence of noise in the measured waveform, thus requiring a
large averaging in the intensity detection process. An advanced
extension of PROUD, referred to as ‘balanced’ PROUD [36], has been
proposed and demonstrated to overcome this main difficulty of the
original technique. In this scheme, there is no need for calculation of
the numerical derivative of the measured signal's time-resolved
intensity waveform to obtain the target instantaneous frequency
profile. This fact combined with the noise suppression characteristics
intrinsic to a balanced measurement method allows us to avoid the
previously required time-averaged acquisition of the intensity wave-
forms. In this way, balanced PROUD can be used for single-shot
detection of the instantaneous frequency chirp of a non-periodic (e.g.
purely random) optical signal using a real-time digitizer.

A schematic of the balanced time-domain PROUD concept is
shown in Fig. 8. The signal under analysis, with temporal complex
envelope x(t), is launched at the input of a ‘balanced’ frequency-
shifted photonic temporal differentiator. This ‘balanced’ differentiator
consists of two frequency discriminators with their respective linear-
amplitude spectral transfer functions having (i) an identical slope
magnitude and (ii) an identical frequency shift but with opposite sign
(with respect to the signal's carrier frequency). Mathematically, the
base-band spectral transfer functions of the two filters in the
‘balanced’ differentiator can be expressed as D+(ω)=A(ω+Δω)
and D−(ω)=−A(ω−Δω), respectively, where we recall that Δω is a
positive number. In the notation used here, the spectral amplitude
slopes of the two filters have been written down with an opposite
sign. However, in general, one only needs to ensure that the
magnitudes of the spectral amplitude slopes of the two filters are
identical, regardless of their respective signs. What is important for
balanced differentiation is that the two filters have the same
frequency shift but with an opposite sign. The filter with D+(ω) will
be referred to as a ‘positive-slope’ differentiator whereas the filter
with D−(ω) will be referred to as a ‘negative-slope’ differentiator.
Following a similar analysis to that in Section 2.1, it can be shown that
the time-domain intensity profiles of the signals at the output of each
of these optical filters (y+(t) and y−(t), respectively) are given by:

yF tð Þ		 		2 = A2 ∂ x tð Þj j
∂t

� �2
+ x tð Þj j2 ωinst tð ÞFΔω½ �2

( )
: ð9Þ



Fig. 8. Schematic illustration of the concept of balanced PROUD for single-shot and real-time optical signal characterization (time-domain implementation shown in the figure).
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Differential (balanced) time-resolved intensity detection is used after
the ‘balanced’ optical differentiator. This allows us to eliminate the
common terms of the two intensity waveforms in Eq. (9), which
include the temporal derivative of the input signal amplitude and
random intensity noise terms (not written down explicitly in Eq. (9)).
The measured intensity signal at the output of the differential
intensity detection stage is thus given by [36]:

y tð Þj j2 = yþ tð Þ		 		2− y− tð Þj j2 = 4A2Δω x tð Þj j2ωinst tð Þ: ð10Þ

The input signal intensity, |x(t)|2, can be directly measured using a
standard time-resolved intensity measurement. In this way, the target
instantaneous frequency profile, ωinst(t), can be directly obtained
from the measured temporal intensity at the differential detector
output; the corresponding phase response ϕ(t) can be recovered from
the measured instantaneous frequency using numerical integration.
Single-shot, real-time detection of the instantaneous frequency and
temporal phase profiles can be obtained using a high-speed digi-
tizer (or real-time scope). In the particular case of a phase-only signal
(|x(t)|2≡constant), the instantaneous frequency profile can be
directly visualized in the digitizer, following a proper calibration of
the intensity scale, without needing any additional numerical post-
processing, see Eq. (10). It is also worth mentioning that if the input
temporal phase variation is a constant (e.g. for intensity-only optical
modulation), the intensity profile at the differential detector output,
Eq. (10), should be zero. This feature is used in practice to pre-
calibrate the ‘balanced’ differentiation process.

‘Balanced’ photonic differentiation can be practically realized in a
very simple fashion by use of a standard two-arm (2×2) interferometer,
e.g. a fiber-optics or integrated-waveguideMZI, see schematic in Fig. 9(a)
[44], [36]. The spectral transfer function at any of the two outputs of the
interferometer when the signal to be processed (filtered) is launched at
any of its two inputs is proportional to a sinusoidal variationwith a period
(free-spectral-range, FSR) determined by the inverse of the relative delay
between the two arms of the interferometer. As a result, this filter
provides the linear spectral amplitude variation that is required for
photonic temporal differentiation over a limited bandwidth, i.e. a fraction
of the filter's FSR, around any of its destructive resonance frequencies (at
which the filter's transfer function approaches zero). In addition, it is well
knownthat the spectral transfer functionsat the twooutputsof a2×2MZI
are π phase shifted with respect to each other. Thus, these two transfer
functions directly provide the desired ‘positive-slope’ and ‘negative-slope’
differentiation characteristics. Any of the frequency cross-points of these
two spectral amplitude transfer functions (e.g. frequencies ω1 and ω2

marked in the schematic spectral response shown in Fig. 9(a)) is the
‘balance point’, in which the signal to be tested should be spectrally
centered, resulting in an amplitude coefficient (A) and frequency shift
(Δω) identical in magnitude but with opposite sign for the two
differentiation transfer functions.

The described differential time-resolved intensity detection
scheme can be implemented in a very straightforward fashion using
a conventional balanced photo-detector, namely two identical photo-
detectors with their outputs connected to a differential electrical
amplifier. Balanced photo-detectors with bandwidths up to a few tens
of GHz are readily available; thus, the measurement bandwidth
constraints of this approach are similar to those discussed above for
the basic time-domain PROUD technique using standard photo-
detection (Section 2.2). Balanced time-domain PROUD has proved
ideally suited for characterization of the instantaneous-frequency
profiles of GHz-bandwidth random telecommunication data stream
signals [36]. Moreover, by exploiting the intrinsic periodicity of the
spectral transfer function of the interferometer, multi-wavelength
signals can be simultaneously characterized using a single optical
filtering and detection platform (see Section 4.2) [37].

The implementation complexity of time-domain PROUD is similar
to a Differential Phase Shift Keying (DPSK) demodulation system [9].
We reiterate that time-domain PROUD enables detection of arbitrary
instantaneous-frequency variations, within its performance con-
straints, in contrast to a conventional DPSK demodulator, which is
designed for differential phase detection of data signals with a pre-
defined phase modulation format and bit rate.
4.1.2. Balanced spectral-domain PROUD
The ‘balanced’ differentiation concept for optical signal characteriza-

tion can be also applied to improve the performance of spectral-domain
PROUD [38]. It is relatively straightforward to outline the frequency-
domain counterpart of the time-domainbalancedPROUDconcept. Briefly,
the optical pulse under test should be temporally modulated in intensity
by two linear amplitude temporal modulations, d+(t) and d−(t), both
having an identical slope but with opposite sign, and the same DC
background, mathematically d±(t)=±at+C. These balanced temporal
modulation operations can be practically implemented using a single EO
intensitymodulator driven by an electrical sinusoid, inwhich two replicas
of the optical pulse under analysis are synchronized with the positive-
slope and negative-slope linear portions of the modulation sinusoid,
respectively. The pulse's group delay, enabling a recovery of the spectral
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phase profile, can be directly obtained from the difference between the
spectral energy densities at the outputs of the twomodulation operations,
namely

Y ωð Þj j2 = Yþ ωð Þ		 		2− Y− ωð Þj j2 = 4aC X ωð Þj j2τg ωð Þ: ð11Þ

For group-delay reconstruction, the input pulse energy spectrum
should be also measured. The advantages of the use of the balanced
concept in spectral-domain PROUD over the basic single-modulation
scheme are similar to those described above for the time-domain
PROUD platform. Balanced spectral-domain PROUD offers a signifi-
cantly improved SNR performance while avoiding the need to
calculate a time derivative of the measured pulse spectral amplitude.
These key improvements have enabled the extension of spectral-
domain PROUD for single-shot and real-time full characterization of
low-power (microwatt) optical pulses in the picosecond and sub-
picosecond regimes [38], see more details in Section 4.3 below.

4.2. Experiments on time-domain balanced PROUD: single-shot and
real-time phase reconstruction of multi-wavelength optical signals

As discussed in the previous Section 4.1, time-domain balanced
PROUD can be implemented in a very simple fashion using a
conventional 2×2 interferometer. One can take advantage of the
spectrally periodic response of the interferometer to extend the
capabilities of PROUD for simultaneous characterization of many
multi-wavelength signals, such as those to be found in a WDM fiber-
optic communication system. Using this simple strategy, we have
demonstrated single-shot and real-time measurements of the instan-
taneous frequency and phase profiles ofWDMsignals in a simultaneous
fashion using a single optical signal processing and photo-detection
platform [37]. Thismethod dramatically simplifies thedetection process
by avoiding the need for stable multi-wavelength (or wavelength-
tunable) optical reference sources.

A schematic of the concept for multi-wavelength signal phase
characterization is illustrated in Fig. 9(a), in which the spectral
transfer functions corresponding to the two outputs of a 2×2 MZI are
also shown. The dual balanced differentiation operation range can be
found around each of the cross-point frequencies of the interferom-
eter over a bandwidth given by a fraction of the FSR. Furthermore,
since the respective spectral transfer functions repeat periodically
along the optical spectrum with a period defined by the interfer-
ometer's FSR, the same dual-balanced differentiation process can be
simultaneously applied over many wavelength channels for WDM
signal analysis and characterization. The inset in Fig. 9(a) also shows
an example of the spectrally periodic transfer function of the used
fiber-optics MZI-based balanced differentiator with a relative length
difference ~4.8 mm (corresponding to a 41-GHz FSR) at two different
wavelength channels (ω1 and ω2), where both channels are multi-
plexed via aWDM filter with a 200-GHz channel spacing. This scheme
provides a detectable instantaneous-frequency bandwidth exceeding
15 GHz.

To illustrate the measurement capabilities of our method, different
modulation formats were employed in each of the tested wavelength
channels. In particular, the optical signal centered at 1550.9 nm
(ω1=2π×193.4 THz) was modulated in phase with a 3-Gbps PRBS
(pseudo-randombinary sequencewith a totalnumberof bits=215−1),
whereas the optical signal centered at 1549.3 nm(ω2=2π×193.6 THz)
wasmodulated in amplitudewith a sinusoid at 1 GHz and subsequently
amplified in a semiconductor optical amplifier (SOA) inducing addi-
tional frequency chirp due to thegainmodulation. To give a reference on
the power levels of the tested data streams, we measured a minimum
average power of 260 μW for the amplitude modulated signal (before
temporal gating). The twowavelength-multiplexed optical signalswere
combined through aWDM filter (not shown in the diagram). To be able
to display the two characterized results in a single oscilloscope channel,
the signals were first temporally gated over a time duration of ~42 ns
using an EO intensity modulator and subsequently time delayed with
respect to each other using a pairedWDMfilter systemand a fiber delay
line. The gated and delayed signals were differentiated in the balanced
optical differentiator. The fiber interferometer arms were tightly fixed
on a package to ensure the needed stability in the filter's spectral
response during the measurement time. For increased stability,
alternative solutions similar to those developed for DPSK demodulation
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[9] could be employed. The twodifferentiated outputswere sent to a 23-
GHz (3-dB bandwidth) balanced photoreceiver and sampled at 25Giga-
samples-per-second (GS/s) using a real-time oscilloscope with a 3-dB
bandwidth of 8 GHz. The input signal intensity waveforms were
detected and sampled through the other fiber-coupler output using a
2.8-GHz single-ended photodetector.

An example of a single-shot measurement is shown in Fig. 10 with
calibrated instantaneous-frequency scales. Fig. 10(a) shows the directly
acquired waveforms from the balanced differentiation output (brown
color) and the original signal intensity (orange color) at 25 GS/s. The
time-domain phase profiles of themodulated signals were also directly
calculated from the measured instantaneous-frequency profiles using
numerical cumulative integration. Fig. 10(b) and (c) show the direct
acquisitions of the instantaneous-frequency profiles for the phase
modulated (b) and the amplitude modulated (c) signals with properly
calibrated scales. The numerically recovered phase profiles are shown in
Fig. 10(d) and (e), respectively. In all cases, the recovered instanta-
neous-frequency and temporal phase profiles were in excellent
agreement with the expected ones [37].

4.3. Experiments on spectral-domain balanced PROUD: single-shot and
real-time characterization of (sub-)picosecond optical waveforms

As described in Section 4.1, for balanced spectral-domain
differentiation, two linear-amplitude temporal modulations should
-50 -40 -30 -20 -10

-0.1

0

0.1

0.2

In
te

ns
ity

, a
.u

.

Tim

phase-modulated signal

(PRBS 1015-1 @ 3Gbps)

-35 -30 -25 -20 -15 -10 -5
-20

-10

0

10

20

Time, ns

In
st

an
ta

ne
ou

s
fr

eq
ue

nc
y,

 G
H

z

In
st

an
ta

ne
ou

s

-35 -30 -25 -20 -15 -10 -5

-10

0

10

Time, ns

P
ha

se
, r

ad
ia

n

random phase modulation

random phase modulation

a

b

d

Fig. 10. Direct single-shot and real-time measurement of the instantaneous frequency (IF) a
and ω2). (a) A full-scale view of the direct simultaneous acquisition of the IF profiles at tw
profiles at two different wavelength channels for (b) the phase modulation (signal atω1) and
phase modulation (d) and the amplitude modulation (e), respectively.
be applied on the pulse under test. These two linear-amplitude
modulations should exhibit the same slope but with opposite signs
and the same DC background, mathematically d±(t)=±at+C. These
balanced temporal modulation operations can be practically imple-
mented using a single EO intensity modulator driven by an electrical
sinusoid, V(t)=V0 sin(Ωt), in which two replicas of the optical pulse
under analysis are synchronizedwith the positive-slope and negative-
slope linear portions of the modulation sinusoid, e.g. centered at t=0
and t=T/2=π/Ω, respectively. The pulse time width should be
sufficiently short to satisfy the same conditions as for the basic EO
spectral-domain PROUD technique (see conditions in Section 3.1). In
this case, the desired linear-amplitude time modulation functions are
implemented with the following parameters: a = BΩ

ffiffiffiffiffiffiffiffiffiffiffiffi
T0 = 2

p
, and

C =
ffiffiffiffiffiffiffiffiffiffiffiffi
T0 = 2

p
. We recall that B=πV0/(2Vπ) and T0 is the maximum

throughput of the intensity modulator, which is assumed to be biased
at half this maximum throughput.

The group-delay profile of the pulse under test can be recovered
from Eq. (11) using the set of parameters defined in the above para-
graph. As discussed above, three energy spectra need to be measured,
|Y+(ω)|2, |Y−(ω)|2, and |X(ω)|2. To achieve these measurements in a
single-shot, we employ dispersion-induced frequency-to-time mapping,
FTM(also referred to as real-timeFourier transformation [47–49]). Briefly,
FTM is based on transferring the energy spectrum of an incoming time-
limited optical waveform along the time axis using large group-velocity
dispersion: Following a simple linear propagation of the opticalwaveform
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under test through a dispersive medium (e.g. reflection in a linearly
chirped fiber Bragg grating, LCFG, such as in our experiments), one obtain
a time-domain intensity waveform at the system output that is
proportional to the pulse energy spectrum. In our setup, the three pulse
signals tobemeasuredarefirst temporally interleavedand this is followed
bydispersion-inducedFTMvia reflection in a LCFG. In thisway, the energy
spectra of the three pulse waveforms can be captured consecutively in a
single-shot and in real-time by use of a high-speed photo-detector
connected to a fast digitizer.

Real-time monitoring of an ultra-short optical pulse compression
process in a highly-nonlinear fiber was conducted by single-shot
measurements of the intensity and phase profiles of the pulses
obtained at the fiber output [38]. A schematic of the experimental
setup is shown in Fig. 11(a). A transform-limited ~2 ps (FWHM) pulse
generated from a passively mode-locked fiber laser (Pritel Inc.) with a
repetition rate of 5 MHz and at a wavelength of ~1551.7 nm, was used
as the original pulse to be compressed. The original pulse was
compressed down to the sub-picosecond regime (~0.92 ps, FWHM)
by monotonically increasing the input pulse power. The pulse
experienced spectral broadening induced by self-phase modulation
(SPM) as it propagated through the fiber and was simultaneously
compressed by the dispersion-decreasing feature along the fiber. Half
of the input pulse power was tapped using a fiber coupler and
polarized for proper modulation in a MZM (3 dB-bandwidth of
35 GHz) whereas the other half was used for generating a self-
referenced RF sinusoidal modulation signal. In particular, a precisely
synchronized RF sinusoidal wave-packet at 9.9 GHz was generated
using the technique described in Ref. [46]. Fiber-optic time inter-
leavers were applied both for the optical pulse under test and for the
self-referenced RF source to prepare two time-delayed copies of the
optical pulse and the RFmodulationwave-packet. In this way, the two
desired opposite-slope temporal modulation processes were achieved
in the same MZM, as illustrated in Fig. 11(a). The time delay between
the two pulse copies was fixed to 29.3 ns. A 10-m long LCFG (2 ns/nm,
42 nm bandwidth, Proximion Inc.) was used for the FTM, limiting the
maximum spectral bandwidth for the pulse under test to ~15 nm, as
restricted by the time delay fixed in the interleaver (to avoid temporal
overlapping among consecutive temporally-stretched waveforms).
a

b

Fig. 11. (a) Schematic of proof-of-concept experimental setup for balanced spectral-domain
modulator. LCFG: linearly chirped fiber Bragg grating. EDFA: erbium-doped fiber amplifier. R
synchronization between the temporal modulation (λ2) and the two time-delayed copies o
pulse under test (red) and the RF modulation signal (blue).)
Fig. 11(b) presents two consecutive replicas of the optical pulse under
test and the corresponding time-synchronized modulating RF signal,
showing how the two pulses undergo the desired opposite-slope
linear modulations. A second interleaver was used to insert the
original pulse under test after the two spectrally-differentiated
waveforms, with the same inter-pulse delay of ~29.3 ns; in this
way, the three corresponding spectra were consecutively mapped
along the time axis after FTM by the LCFG. A 3-GHz single-ended
photo-detector and a real-time oscilloscope (8 GHz bandwidth) were
used for acquisition of the time-domain waveforms. The group-delay
profile of the pulse under test was numerically recovered from the
measured spectra, following a suitable time-to-frequency scaling
according to the nominal group-delay slope of the LCFG, using
Eq. (11). Fig. 12(a) and (b) show the spectral- and the time-domain
intensity and phase profiles of the reconstructed output pulses for two
different compression conditions, i.e. for input average powers of
32.5 μW and 185 μW, respectively.

5. Conclusions

This paper reviews recent work on a new group of linear, self-
referenced techniques for fast optical signal characterization based on
time-domain or frequency-domain photonic differentiation, namely
PROUD methods. These techniques can be implemented in very
simple and practical fiber-optics configurations using widely available
optical fiber and RF components and measurement instruments. In
addition, phase recovery is based on the use of a direct, non-iterative
numerical algorithm. PROUD methods have proved suitable for full
characterization of optical signals over a very broad range of time
durations and spectral bandwidths, e.g. with time features ranging
from the sub-picosecond to the nanosecond regime, and with average
powers as low as a few microwatts. These stringent measurement
specifications can be achieved in a single shot and in real time using
balanced photonic differentiation schemes. PROUD methods are
ideally suited for applications in the context of high-speed optical
telecommunications and linear ultra-fast computing and information
processing circuits. Extension of PROUD measurement techniques for
their use over a broader range of pulse durations, frequency
PROUD. POL: polarizer. PC: polarization controller. MZM: electro-optic Mach–Zehnder
eal Time-OSC: real-time oscilloscope. Monitoring sync: Signal used for monitoring the
f the pulse under test (λ1). (b) Synchronization of the two time-delayed copies of the



Fig. 12. Single-shot, real-time ultra-short pulse measurements by spectral-domain
balanced PROUD: (a) Reconstructed spectral phase profiles of an optical pulse
temporally compressed by a nonlinear fiber for two different input powers of
32.5 μW (circles) and 185 μW (squares). The spectrum profiles of the compressed
pulses are also shown. (b) Reconstructed temporal intensity and phase profiles of the
compressed pulses.
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bandwidths and wavelength regions with increased sensitivities and
improved capabilities can be anticipated.
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